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CHAPTER 1. INTRODUCTION 

Knowledge Discovery in Databases (KDD) is a scientific field that 

researches and creates tools for discovering useful, hidden, and predictive 

knowledge within large databases [1, 2]. 

Research results and successful applications in recent times show that 

Knowledge Discovery in Databases is a potential scientific field, bringing 

many benefits and having numerous advantages compared to traditional data 

analysis tools. However, given the current rate of data growth, the research and 

application of data mining techniques are encountering numerous difficulties 

and challenges. This necessitates researchers to consistently strive in finding 

new tools to overcome these issues. 

Rough set theory proposed by Z. Pawlak in the early 1980s [3], and is a 

relatively new soft computing tool for dealing with uncertain data. With 

innovative thinking, unique methodologies, and easy implementation, over the 

past three decades, the rough set theory has been researched, applied, and has 

become a crucial tool in the field of intelligent information processing [2, 4, 5, 

6, 7, 8].  

In that trend, many groups of scientists, including Vietnamese 

researchers, have been and are currently interested in attribute reduction in 

decision tables and data clustering. However, there are still some significant 

issues in this area of research that require further discussion and improvement. 

Therefore, I chose the research topic: “Attribute Reduction Method and Data 

Clustering Technique Using Rough Set Theory”. 

The research objective of this thesis focuses on two problems within 

the topic: (1) propose new attribute reduction methods in a decision table; (2) 

discovering new algorithms for clustering categorical data using rough sets 

theory. 

The research subject of the thesis is information systems and decision 

tables that may contain vague and uncertain data. 

The scope of the thesis is researching data mining methods using rough 

set theory. Specifically, it focuses on two main issues outlined in the research 

objectives of the thesis. 
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Research methods: by synthesizing and evaluating research results 

using rough set theory in data mining published in both Vietnam and foreign 

scientific journals. On that basis, propose new techniques and algorithms, 

install, calculate, and compare and evaluate experimental results, proving the 

effectiveness of the algorithm. Following that, propose new techniques and 

algorithms, conduct installations, calculations, comparisons, and evaluations of 

test results, thereby demonstrating the effectiveness of the proposed algorithms. 

The structure of this thesis includes an introductory chapter, three main 

content chapters, a concluding chapter, the author's published scientific articles, 

and a list of references. In Chapter 2, the basic concepts of rough set theory and 

some related concepts from information theory are presented. This chapter also 

provides an overview of data mining and explores the potential application of 

rough set theory in data mining. Chapter 3 presents the feature selection problem 

and some existing effective feature selection algorithms using the rough set 

theory, point out difficulties and challenges; on that basis, a reduct computing 

algorithm using attribute clustering is proposed. Chapter 4 discusses the data 

clustering problem in data mining, presents some existing effective data 

clustering techniques, points out their limitations, and proposes a new data 

clustering algorithm using rough set theory combined with concepts of entropy 

in information theory. Finally, the concluding chapter outlines the contributions 

of the thesis and suggests further developments. 

The primary contributions of this thesis are outlined in Chapters 3 and 

4.  

Chapter 3 introduces a proposed algorithm for computing an 

approximate reduct in a decision table. It is called ACBRC (Attribute 

Clustering Based Reduct Computing). The experimental results show that the 

proposed algorithm is capable of computing approximate reduct with small size 

and high classification accuracy, when the number of clusters used to group the 

attributes is appropriately selected. 

Chapter 4 proposes a new algorithm, called Minimum Mean Normalized 

Variation of Information (MMNVI). MMNVI algorithm uses the Mean 

Normalized Variation of Information of one attribute respect to another for 

finding best clustering attribute, and the entropy of equivalence classes 
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generated by selected clustering attribute for binary splitting the clustering 

dataset. Experimental results on real datasets from UCI indicate that MMNVI 

algorithm can be used successfully in clustering categorical data. It produces 

better or equivalent clustering results than the baseline algorithms. 

The main contributions mentioned above were published in two articles 

in the Journal of Computer Science and Cybernetics in 2022 [CT1] and 2023 

[CT2]. In addition, I’m also the author of an international article and co-author 

of three reports at prestigious domestic scientific conferences related to the 

thesis topic. 

CHAPTER 2. OVERVIEW OF ROUGH SET THEORY 

AND ITS APPLICATION IN DATA MINING 

2.1 Introduction 

This chapter presents an overview of rough set theory, knowledge 

discovery in databases process and the applicability of rough set theory in data 

mining. The knowledge presented in this chapter is the foundation for 

researching new attribute reduction methods and new algorithms for clustering 

categorical data using rough sets theory. 

2.2 Some concepts of rough set theory 

Rough set theory proposed by Z. Pawlak [3], is a powerful mathematical 

tool for dealing with vague, imprecise, incomplete and uncertain data. This 

theory has been successfully applied in a number of areas such as machine 

learning, expert system, pattern recognition, and knowledge discovery in 

databases. This section presents some concepts of rough set theory. 

Definition 2.1. [3] An information system is a pair IS = (U, A), where U 

is a non-empty finite set of objects, A is a nonempty finite set of attributes, and 

for every a ∈ A there is a mapping a ∶ U → Va, where Va denotes the domain of 

a. 

Definition 2.2 [3]. Let 𝐼𝑆 = (𝑈, 𝐴, 𝑉, 𝑓) be an information system, 𝐵 ⊆

𝐴 . Two elements 𝑥, 𝑦 ∈ 𝑈  is said to be B-indiscernible in 𝑆  if and only if 

 𝑎(𝑥) = 𝑎(𝑦) for every 𝑎 ∈ 𝐵.  
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We denote the indiscernibility relation induced by the set of attributes 𝐵 

by 𝐼𝑁𝐷(𝐵) . Obviously, 𝐼𝑁𝐷(𝐵)  is an equivalence relation and it induces 

unique partition (clustering) of 𝑈. The partition of 𝑈 induced by 𝐼𝑁𝐷(𝐵) in 

𝐼𝑆 = (𝑈, 𝐴) denoted by 𝑈/𝐼𝑁𝐷(𝐵) or 𝑈/𝐵 and the equivalence class in the 

partition 𝑈/𝐼𝑁𝐷(𝐵) containing 𝑥 ∈ 𝑈, denoted by [𝑥]𝐵.  

𝐼𝑁𝐷(𝐵) = {(𝑢, 𝑣) ∈ 𝑈2:   𝑎(𝑢) = 𝑎(𝑣) ∀𝑎 ∈ 𝐵} (2.1) 

Definition 2.3 [3].  Let 𝐼𝑆 = (𝑈, 𝐴, 𝑉, 𝑓)  and  𝑋 ⊆ 𝑈 . The B-lower 

approximation of 𝑋 , denoted by 𝐵(𝑋)  and B-upper approximation of 𝑋 , 

denoted by 𝐵(𝑋), respectively, are defined by   

𝐵𝑋 = {𝑢 ∈ 𝑈:  [𝑢]𝐵 ⊆ 𝑋}  (2.2) 

𝐵𝑋 = {𝑢 ∈ 𝑈:  [𝑢]𝐵 ∩ 𝑋 ≠ ∅}  (2.3) 

Definition 2.4. [3] Let 𝐼𝑆 = (𝑈, 𝐴, 𝑉, 𝑓) , 𝐵 ⊆ 𝐴  and 𝑋 ⊆ 𝑈 . The 

accuracy of approximation of 𝑋 with respect to 𝐵 is defined as:  

𝛼𝐵(𝑋) =
|𝐵𝑋|

|𝐵𝑋|
 

(2.4) 

Throughout the thesis, |𝑋| denotes the cardinality of 𝑋. 

Definition 2.5. [3] Let 𝐼𝑆 = (𝑈, 𝐴, 𝑉, 𝑓) be an information system, 𝐵 ⊆

𝐴 and 𝑋 ⊆ 𝑈. The roughness of 𝑋 with respect to 𝐵 is defined as   

𝑅𝐵(𝑋) =  𝛼𝐵(𝑋) = 1 −
|𝐵(𝑋)|

|𝐵(𝑋)|
 

(2.5) 

 Definition 2.6. [3, 6] Decision table is an information system 𝐷𝑇 =

(𝑈, 𝐶 ∪ {𝑑}), 𝐶  is called the condition attribute set, while 𝑑  is called the decision 

attribute. 

 Definition 2.7. [3, 6] Let 𝐷𝑇 = (𝑈, 𝐶 ∪ {𝑑}) be a decision table, 𝐵 ⊆ 𝐴. 

The positive region of the 𝑑 with respect to 𝐵, denoted by 𝑃𝑂𝑆𝐵(𝑑), is defined 

as follows:  
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𝑃𝑂𝑆𝐵(𝑑) = ⋃ (𝐵𝑋)

𝑋∈𝑈/𝑑

 
(2.6) 

Definition 2.8. [3, 6] Given a decision table 𝐷𝑇 = (𝑈, 𝐶 ∪ {𝑑})), for any 

𝐵 ⊂ 𝐶, Pawlak defines the dependency degree of  𝐷 on 𝐵 in 𝐷𝑇 as follows. 

𝛾𝐵(𝑑) =
|𝑃𝑂𝑆𝐵(𝑑)|

|𝑈|
  . 

(2.7) 

Obviously, there is 0 ≤ 𝛾𝐵(𝑑) ≤ 1. If  𝛾𝐵(𝑑) = 1, then we say that 𝐷 

depends totally on 𝐵, and if 0 < 𝛾𝐵(𝑑) < 1, then we say that 𝑑 depends on 𝐵 

in a degree 𝛾𝐵(𝑑). If 𝛾𝐵(𝑑) = 0, then we say that 𝑑 does not depend on 𝐵.  

2.3 Related Concepts from Information Theory  

Given information system 𝐼𝑆 = (𝑈, 𝐴) , and attribute 𝑎 ∈ 𝐴 . The IS 

information system can be viewed as a statistical population and attribute 𝑎 as 

a discrete random variable. Suppose 𝑉𝑎 = {𝑥1, 𝑥2, … , 𝑥ℎ} , 𝑈/{𝑎} =

{𝑋1, 𝑋2, … , 𝑋ℎ}. Then the probability distribution of 𝑎 can be determined by 

𝑃(𝑎 = 𝑥𝑖) = 𝑃(𝑥𝑖) = |𝑋𝑖| |𝑈| ,⁄   𝑖 = 1, … , 𝑚 . (2.9) 

Definition 2.9. [9] Let 𝐼𝑆 = (𝑈, 𝐴) be an information system, attribute 

𝑎 ∈ 𝐴. Shannon's entropy (entropy for short) of 𝑎  is defined by the following 

expression:  

𝐻(𝑎) = − ∑ 𝑃(𝑎 = 𝑥𝑖)log2𝑃(𝑎 = 𝑥𝑖) .

𝑚

𝑖=1

 (2.10) 

and by the convention 0log20 = 0.   

Definition 2.10. [9] Let 𝑆 = (𝑈, 𝐴) be an information system, 𝑎, 𝑏 ∈ 𝐴. 

The join entropy 𝐻(𝑎, 𝑏) of 𝑎 and 𝑏 is defined by 

𝐻(𝑎, 𝑏) = − ∑ ∑ 𝑃(𝑎 = 𝑥𝑖, 𝑏 = 𝑦𝑗)log2𝑃(𝑎 = 𝑥𝑖, 𝑏 = 𝑦𝑗) .

𝑛

𝑗=1

𝑚

𝑖=1

 (2.11) 

The join entropy 𝐻(𝑎, 𝑏) is the measure of the amount of uncertainty two 

attributes 𝑎 and 𝑏 contain. 
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Definition 2.11. [9] Let 𝑆 = (𝑈, 𝐴) be an information system, 𝑎, 𝑏 ∈ 𝐴. 

The conditional entropy of 𝑎 with respect to 𝑏 denoted by 𝐻(𝑎|𝑏) is defined as   

𝐻(𝑎|𝑏) = − ∑ 𝑃(𝑏 = 𝑦𝑗)

𝑛

𝑗=1

∑ 𝑃(𝑎 = 𝑥𝑖  | 𝑏 = 𝑦𝑗)log2𝑃(𝑎 = 𝑥𝑖  | 𝑏 = 𝑦𝑗)

𝑚

𝑖=1

 . (2.12) 

The conditional entropy 𝐻(𝑎|𝑏) quantifies the uncertainty of a random 

variable 𝑎 when the outcome of another random variable 𝑏 is known. We also 

have. 

𝐻(𝑎|𝑏) = 𝐻(𝑎, 𝑏) − 𝐻(𝑏) (2.13) 

Definition 2.12. [9] Let 𝑆 = (𝑈, 𝐴) be an information system. The 

mutual information between the two attributes 𝑎, 𝑏 ∈ 𝐴 is defined as 

𝐼(𝑎; 𝑏) = 𝐻(𝑎) − 𝐻(𝑎|𝑏) = 𝐻(𝑏) − 𝐻(𝑏|𝑎) (2.14) 

Definition 2.13. [9, 10] Given an information system 𝐼𝑆 = (𝑈, 𝐴 ), 

𝑎𝑖 , 𝑎𝑗 ∈ 𝐴 . The normalized variation of information between 𝑎𝑖  and 𝑎𝑗  is 

defined by 

𝑁𝑉𝐼(𝑎𝑖, 𝑎𝑗) = 1 −
𝐼(𝑎𝑖; 𝑎𝑗)

𝐻(𝑎𝑖, 𝑎𝑗)
 .    (2.15) 

𝑁𝑉𝐼(𝑎𝑖, 𝑎𝑗) is a metric on the space of attributes, that is, for any 

attributes 𝑎𝑖 , 𝑎𝑗, and 𝑎𝑘 it satisfies 

(i) 𝑁𝑉𝐼(𝑎𝑖 , 𝑎𝑗) ≥ 0 and the equality holds iff  𝑎𝑖 = 𝑎𝑗, 

(ii) 𝑁𝑉𝐼(𝑎𝑖 , 𝑎𝑗) = 𝑁𝑉𝐼(𝑎𝑗, 𝑎𝑖), 

(iii) 𝑁𝑉𝐼(𝑎𝑖 , 𝑎𝑗) + 𝑁𝑉𝐼(𝑎𝑗, 𝑎𝑘) ≥ 𝑁𝑉𝐼(𝑎𝑖 , 𝑎𝑘).  

2.4 Knowledge Discovery in Databases 

Knowledge Discovery in Databases (KDD) is a scientific field that 

researches and creates tools for discovering useful, hidden, and predictive 

knowledge within large databases [1, 2]. The following steps are included in 

KDD process: data selection, data preprocessing, data reduction, data mining, 
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knowledge representation. Among them, data mining is the most important 

problem. Data mining can be broadly categorized into two main types: 

-  Descriptive data mining focuses on summarizing and understanding 

the characteristics of historical data: Clustering, Summarization, Association 

rules. 

-  Predictive data mining involves analyzing current and historical data 

to forecast future events: Classification, Regession, Time-series analysis. 

Among them, Data clustering (in the first group) and classification (in 

the second group) are two important techniques, widely utilized in the data 

mining process. 

2.5 Application of rough set theory in data mining 

Rough set theory can be applied to most stages of the process of KDD, 

including [5, 4, 6, 7, 11] 

(1) Data preprocessing. In this process, rough set theory is used to reduce 

and clean the data.  

(2) Data mining.  In this process, rough set theory can be used to solve 

the following problems: data classification; data clustering; mining association 

rules. 

Rough set theory is an effective tool for KDD. However, its applied 

research results to date still have many limitations. 

2.6 Conclusion 

This chapter includes 3 main parts: an overview of rough set theory with 

related concepts, the process of KDD and application of rough set theory in data 

mining. The basic concepts presented in this chapter are the basis for research 

and propose new attribute reduction methods in a decision table and new 

algorithms for clustering categorical data using rough sets theory. 
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CHAPTER 3. FEATURE SELECTION USING ROUGH 

SET THEORY   

3.1 Introduction 

This chapter provides an overview of feature selection, discusses the 

main methods to find an approximate reduct in a decision table, and introduces 

a new algorithm called ACBRC, based on attribute clustering method. 

3.2 Feature selection 

Feature selection can be viewed as the process of selecting a subset from 

the original set of features, removing as many irrelevant and redundant features 

as well as possible to improve the quality of data and reduce time and space 

complexity for analysis. 

In general, a typical feature selection process consists of four basic steps 

[1, 12, 13]: subset generation, subset evaluation, stopping criterion, and result 

validation. 

3.2.1 Subset generation 

Subset generation is a process of heuristic search, with each state in the 

search space specifying a candidate subset for evaluation. The nature of this 

process is determined by two basic issues: decide the search starting point (or 

points) which in turn influences the search direction, and decide a search 

strategy. 

Each newly generated subset needs to be evaluated by an evaluation 

criterion and compare it with the previous best subset. If the newly generated 

subset is better, it will replace the old one. A stopping criterion determines when 

the feature selection process should stop. Some frequently used stopping 

criteria are [12, 13]:  

-   The specified number of features has been collected; 

-   Some given bound is reached, where a bound can bea specified number 

(minimum number of features or maximum number of iterations); 

-  Subsequent addition (or deletion) of any feature does not produce a 

better subset;  

-   A sufficiently good subset is selected based on an evaluation criterion.  
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The final best subset must undergo verification by comparing data 

mining results using this "best" subset with the original features set on real or 

artificial datasets. 

Another important issue in the feature selection process is determining 

how to evaluate the relevance of each subset. 

3.2.2 Subset Evaluation 

The goodness of a subset is always determined by a certain criterion. An 

evaluation criterion can be broadly categorized into two groups based on their 

dependency on mining algorithms that will finally be applied on the selected 

feature subset. We discuss the two groups of evaluation criteria below: 

To evaluate a subset of features as optimal, it must be based on a certain 

criterion. A subset that is optimal according to one certain criterion is not 

necessarily optimal according to another certain criterion. An evaluation 

criteria can be broadly categorized into two groups based on their dependency 

on mining algorithms that will finally be applied on the selected feature subset: 

independent criteria and dependent criteria [12, 13].  

Typically, an independent criterion is used in algorithms of the filter 

model. It tries to evaluate the goodness of a feature or feature subset by 

exploiting the intrinsic characteristics of the training data without involving any 

mining algorithm. Some popular independent criteria are distance measures, 

information measures, dependency measures, and consis-tency measures. 

A dependent criterion used in the wrapper model requires a 

predetermined mining algorithm in feature selection and uses the performance 

of the mining algorithm applied to the selected subset to determine which 

features are selected. It usually delivers superior performance by identifying 

features better suited to the predetermined mining algorithm, but it also tends 

to be more computationally expensive and may not be suitable for other mining 

algorithms. 

3.3 Feature selection using rough set theory 

In the rough set theory, the process of feature subset selection in a 

decision table is viewed as reducts computation process. A reduct is a minimal 

subset of the conditional attributes set which provide the same information for 



10 

 

 

classification purposes as the entire set of available attributes. The 

classification task for the high dimensional dataset could be solved faster if a 

minimal reduct, instead of the original whole set of attributes, is used. 

Unfortunately, feature selection is considered as NP-hard problem, since the 

number of all subsets 2𝑛 − 1 grows exponentially with the number of features 

𝑛. Searching for all reduced sets is only possible when 𝑛 is relatively small. 

Therefore, several studies on computing approximate reducts have been carried 

out. An approximate reduct is a minimal reduct with acceptable errors, but can 

be found in much shorter time relative to an exact minimal reduct. In recent 

years, many approaches for computing approximate reducts were proposed [14, 

15, 16, 1].  

When dealing with high dimensional data (datasets with hundreds or 

thousands of features), many feature selection algorithms can successfully 

remove irrelevant features but fail to pull redundant ones out [14, 15, 17, 18, 

16]. To overcome this problem, in the last decades some feature selection 

algorithms that use feature clustering were proposed in both supervised and 

unsupervised context [17, 18, 16, 19, 20, 21].  

Clustering based feature selection algorithm follows the straightforward 

idea. It divides the initial feature space into a set of groups called clusters. 

Generally, correlation measures are used as clustering algorithm metrics, which 

makes features of the same group considered redundant. This leads to the 

selection of one feature to represent each cluster. The resulting feature subset 

is considered to be relevant and non redundant. However, for this type of 

approach, there are two core issues that need to be carefully considered, namely 

the choice of a similarity measurement function and a clustering method to use. 

The similarity function measures the similarity between two features in the 

feature space; clustering method collects features into groups using the selected 

similarity function. 

In [17, 21], Hong et al. have built a similarity measure for a pair of 

attributes based on the relative dependency. Using this similarity measure, an 

algorithm called Most Neighbors First (MNF) is also proposed to cluster the 

attributes into a fixed number of groups. One of the big MNF deficiencies is 

that the convergence of the algorithm is not assured, in consequence it has to 
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be executed several times to find tendencies or patterns in the results. 

Although clustering-based attribute reduction algorithms have received 

attention in recent times, their number is still relatively limited. In this chapter, 

the thesis proposes a clustering based attribute reduction algorithm for high 

dimensional decision table, named ACBRC. 

3.4 Attribute Clustering Based Reduct Computing ACBRC  

ACBRC algorithm works in three main stages. In the first stage, 

irrelevant attributes are eliminated. In the second stage relevant attributes are 

divided into a desired number of clusters by using Partitioning Around Medoids 

(PAM) clustering method integrated with a special metric in attribute space 

which is the normalized variation of information. In the third stage, the most 

representative attribute that is the most class-related is selected from each 

cluster to form a reduct. The proposed algorithm is implemented and 

experimented. The experimental results show that the proposed algorithm is 

capable of computing approximate reduct with small size and high 

classification accuracy, when the number of clusters used to group the attributes 

is appropriately selected. 

In order to more precisely introduce the algorithm, we firstly present our 

definitions. 

Definition 3.1. [1, 22] Let 𝐷𝑇 = (𝑈, 𝐶 ∪ {𝑑})  be a decision table. 

Attribute clustering in DT can be defined as the partitioning of  the set 𝐶 of 

conditional attributes into a collection 𝐶𝑋 = {𝐶1, 𝐶2, … , 𝐶𝑘} of mutually disjoint 

subsets 𝐶𝑖 of 𝐶, such that 𝐶1 ∪ 𝐶2 ∪ … ∪ 𝐶𝑘 = 𝐶, 𝐶𝑖 ≠ ∅, and 𝐶𝑖 ∩ 𝐶𝑗 = ∅,  for 

𝑖 ≠ 𝑗.  

 

Definition 3.2.  Let 𝐷𝑇 = (𝑈, 𝐶 ∪ {𝑑}) be a decision table, 𝐶 ∪ {𝑑} is 

the full set of attributes. The distance between any pair of attributes 𝑋𝑖 and 𝑋𝑗 

(𝑋𝑖, 𝑋𝑗  ∈ 𝐶 ∪ {𝑑}, 𝑖 ≠ 𝑗) is measured by 𝑁𝑉𝐼(𝑋𝑖 , 𝑋𝑗) defined as in (2.15)).  

Note that for any 𝑋𝑖 ∈ 𝐶 we have  0 ≤ 𝑁𝑉𝐼(𝑋𝑖 , 𝑑) ≤ 1. 

Definition 3.3. The irrelevance between the condition attribute 𝑋𝑖 ∈ 𝐶 

and the decision attribute 𝑑 is measured by the distance value 𝑁𝑉𝐼(𝑋𝑖 , 𝑑). The 
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greater the value  𝑁𝑉𝐼(𝑋𝑖 , 𝑑)  is, the lower the relevance between them. If 

𝑁𝑉𝐼(𝑋𝑖 , 𝑑) is greater than a threshold 𝛿 = 0.98, we say that 𝑋𝑖 is an irrelevant 

attribute; otherwise 𝑋𝑖 is relevant one.  

Definition 3.4. Let 𝐺 be a cluster of attributes. A feature 𝑋𝑅  ∈ 𝐺 is a 

representative attribute of the cluster if and only if 

𝑎𝑅 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑎∈𝐺  𝑁𝑉𝐼(𝑎, 𝑑). (3.1) 

This means 𝑎𝑅 is the strongest relevant attribute and can act as a relevant 

attribute for all the attributes in the cluster 𝐺.   

Using the above definitions, ACBRC algorithm is the process consisting 

of the two connected parts: irrelevant attribute elimination and redundant 

attribute removal. The former obtains relevant attributes by eliminating 

irrelevant ones, and the latter removes redundant attributes from relevant ones 

via choosing representatives from different attribute clusters, and thus produces 

the final subset of attributes. Framework of ACBRC is shown in Figure 1.   

Sử dụng các định nghĩa trên, thuật toán ACBRC là quá trình bao gồm ba 

công đoạn liên tiếp, với khung hoạt động được thể hiện trong hình 3.1. 

ACBRC algorithm consists of three stages.  

(1) First, irrelevant attributes are eliminated. For this purpose, the 

distance 𝑁𝑉𝐼(𝑎, 𝑑)  is measured between each attribute 𝑑  and the decision 

attribute d. We assume that the greater an attribute has irrelevance value is, the 

lower its ability to distinguish between classes. Here, the attribute with 

irrelevance greater than 0.98 will be removed from the initial attribute set.  

2) Clustering the relevant attributes using function pamk() in R package 

“fpc”, integrated with metric NVI . 

pamk() is an enhanced version of pam(), which can work with any 

distance matrix and does not require a user to choose the number of clusters k. 

Instead, it perform a PAM clustering with the number of clusters estimated by 

optimum average silhouette width method, described in [23].     

(3) Finally, selecting from each cluster the attribute which has the 

strongest decision-relevance. This  attribute can act as a representative attribute 

for all the attributes in the cluster. Once a attribute is selected, attributes 
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belonging to the same cluster are removed. The selected attributes form the 

approximate reduct.   

 

 

Figure 3.1 Framework of the proposed Reduct Computing algorithm 

ACBRC. 

The main steps of the ACBRC algorithm are as follows: 

Algorithm 3.1: ACBRC 

inputs: The given decision table 𝐷𝑇 = (𝑈, 𝐶 ∪ {𝑑}), 𝛿 = 0.98 - the 

irrelevance threshold. 

output: Red – approximate attribute reduct.  

step 1.   Irrelevant attributes elimination.  

For each 𝑋 ∈ 𝐶  compute irrelevance = 𝑁𝑉𝐼(𝑋, 𝑑) . If 

irrelevance > 𝛿 then 𝐶𝑅 = 𝐶\{𝑋}.  

step 2.   Calculate the distance matrix NVI for all attribute pairs.  

For each attribute pair 𝑋𝑖 and 𝑋𝑗 in 𝐶𝑅 compute  

𝑁𝑉𝐼[𝑖, 𝑗] = 𝑁𝑉𝐼(𝑋𝑖 , 𝑋𝑗)  (equation (2.15)). 

step 3.    Using pamk() fuction in R package “fpc” to cluster the 

attributes in 𝐶𝑅.  

step 4.  for each cluster G do 𝑋𝑅 = argmin𝑋∈𝐺 𝑁𝑉𝐼(𝑋, 𝑑). 𝑅𝑒𝑑 = 𝑅𝑒𝑑 ∪ 𝑋𝑅; 

Experimental Results 
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The proposed ACBRC attribute reduction algorithm was implemented 

in R programming language and on a personal computer.   

Experimental computations were carried out on 5 benchmark datasets 

obtained from UCI repository. The characteristics of these datasets are shown 

in Table 1. The first two columns show the names and abbreviations of datasets, 

the next two columns show the number of samples and attributes, and the last 

column shows the number of class labels. All attributes of the selected data sets 

are categorical. Thus, discretization is not necessary. 

To evaluate the performance of our proposed ACBRC algorithm, we 

compare it with QuickReduct and CEBARKNC algorithms, in terms of the 

number of selected attributes, the execution time and the classification 

performance. 

For comparing the classification performance of ACBRC, 

QuickReduct and CEBARKNC, we used the C5.0 and Native Bayes, which are 

two popular classification algorithms and widely applied in various research 

fields.  

In order to make the best use of the data and obtain stable results, a 3-

trials 10-fold cross-validation strategy is used. That is, for each data set, each 

attribute reduction algorithm and each classification algorithm, the 10-fold 

cross-validation is repeated 3 times, with each time the order of the instances 

of the dataset being randomized. Randomizing the order of the instances can 

help diminish the order effects. For each classification algorithm, we obtain 3-

trials 10-fold classification accuracy for each attribute reduction algorithm and 

each dataset. Average these accuracies, we obtain mean accuracy of each 

classification algorithm under each attribute reduction algorithm and each data 

set. Experimental Result: 

A. Comparison of number of selected attributes for three attribute 

reduction algorithms 

Table 1 shows the attributes selected by three attribute reduction 

algorithms - ACBRC, QuickReduct and CEBARKNC when they are applied 

for each dataset.     

TABLE 1. SELECTED ATTRIBUTES USING THREE ALGORITHMS  
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Datasets ACBRC QuickReduct CEBARKNC 

Chess 7 29 32 8 

10 18 33 

14 16 21 

21 10 29 14 28 1 15 16 6 33 7 

35  18 34 11 5 17  23 36 26 

20 30 4 24 12 27 25 31 3 9 13  

21 10 33 32 6 35 15 1 34 7 16 

23  17 4 2 30 5 27 3  9  

20 25 31 12 13  24 18 28 26 36 

Mushroom 13 20 5 9 15 6 22 11 12 5 1 5 20 22 21   

Soybean 22 21 22 1 22 4 

Lung 9 48 1 42 7 4   9 43 3 4   

Votes 4 12 1 9 14 4 11 16 13 3 2 6 4 11 3 13 16 2 9 15 1  

From Table 1, we can see that all the three algorithms achieve significant 

reduction of dimensionality by selecting only a small portion of the original 

attributes. ACBRC generally obtains the best proportion of selected attributes.  

TABLE 2. EXECUTION TIME OF THE PROPOSED ALGORITHMS (in sec.) 

Datasets ACBRC QuickReduct CEBARKNC 

Chess 18.52 28.41 12.82 

Mushroom 1.14 2.29 1.11 

Soybean 0.64 0.12 0.36 

Lung 0.84 0.31 0.44 

Votes 0.64 0.73 0.53 

From Table 2, we see that the execution time of the three algorithms depends 

on the characteristics of each dataset. In general, the execution time of the 

ACBRC algorithm is slightly larger than that of the QuickReduct and 

CEBARKNC algorithms, but the execution time of ACBRC is acceptable. 

B. Evaluation of the classification performance of the ACBRC 

attribute reduction algorithm 

Table 3 shows the 95% confidence intervals of 3-trials 10-fold classification 

accuracy of two classifiers on the 5 data sets without attribute reduction.  

TABLE 3. CLASSIFICATION ACCURACY WITHOUT ATTRIBUTE REDUCTION 

Datasets C5.0 Bayes 

Chess 0.9928 ± 0.0024 0.87868 ± 0.0126 

Mushroom 1 0.94088 ± 0.0057 

Soybean 0.975 ± 0.049 1 
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Lung 0.7667 ± 0.1701 0.56667 ± 0.2396 

Votes 0.9674 ± 0.0139 0.90465 ± 0.0349 

Table 4 shows the 95% confidence intervals of 3-trials 10-fold classification 

accuracy of two classifiers on the 5 data sets after ACBRC attribute reduction algorithm 

is used. 

TABLE 4. CLASSIFICATION ACCURACY USING ATTRIBUTES SELECTED BY 

ACBRC  

Datasets C5.0 Bayes 

Chess 0.9928 ± 0.0022 0.8906 ± 0.0129 

Mushroom 1 0.9473 ± 0.0031 

Soybean 1 1 

Lung 0.8 ± 0.1996 0.6 ± 0.2134 

Votes 0.9674 ± 0.0217 0.9581 ± 0.0164 

Generally, for all five datasets, the classification accuracy of attributes 

selected by ACBRC is greater than the classification accuracy of original attributes. 

C. Comparison of classification accuracy for three attribute 

reduction Algorithms 

Table 5, and Table 6 show the 95% confidence intervals of classification 

accuracy by 3-trials 10-fold cross-validation when C5.0 and Naïve Bayes 

classifiers are used for the datasets with attributes selected by ACBRC, 

QuickReduct and CEBARKNC.   

TABLE 5. C5.0 CLASSIFICATION ACCURACY USING DIFFERENT 

ATTRIBUTE REDUCTION ALGORITHMS  

Datasets ACBRC QuickReduct CEBARKNC 

Chess 0.9928 ± 0.0022 0.9931 ± 0.0024 0.9937 ± 0.0035 

Mushroom 1 1 1 

Soybean 1 0.975 ± 0.049 0.975 ± 0.049 

Lung 0.8 ± 0.1996 0.8 ± 0.1445 0.7667 ± 0.1701 

Votes 0.9674 ± 0.0217 0.9651 ± 0.014 0.9558 ± 0.0126 

From Table 5, we see that for datasets “Soybean”, “Lung”, and “Votes”, the C5.0 

classification accuracy with attributes selected by ACBRC is greater than the 

classification accuracy with attributes selected by QuickReduct and CEBARKNC. And for 
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two other datasets, the classification result after attribute reduction by ACBRC is 

comparable with the results after attribute reduction by QuickReduct and CEBARKNC.    

TABLE 6. BAYES CLASSIFICATION ACCURACRY USING DIFFERENT  

FEATURE SELECTION METHODS 

Datasets ACBRC QuickReduct CEBARKNC 

Chess 0.8906 ± 0.0072 0.8881 ± 0.015 0.8947 ± 0.0061 

Mushroom 0.9473 ± 0.0036 0.982 ± 0.0027 0.9807 ± 0.0031 

Soybean 1 0.875 ± 0.1096 1 

Lung 0.5334 ± 0.2425 0.4667 ± 0.2789 0.4667 ± 0.2425 

Votes 0.9581 ± 0.0164 0.9279 ± 0.023 0.9302 ± 0.0192 

From Table 6, we see that for all five datasets, the Bayes classification 

accuracy with selected attributes by ACBRC is greater than the classification accuracy 

with attributes selected by QuickReduct and CEBARKNC. 

3.5 Conclusion 

These experimental results show that ACBRC is promising algorithm 

for attribute reduction.  

CHAPTER 4. CLUSTERING CATEGORICAL DATA  

4.1 Introduction 

Clustering is a fundamental technique in data mining and machine 

learning. Let 𝐷 = {𝑥1, 𝑥2, … , 𝑥𝑛} be the set of 𝑛 objects, where each 𝑥𝑖 is an 𝑁 

dimensional vector in the given feature space. The clustering activity is to find 

clusters/groups of objects in such a way that objects within the same cluster 

have a high degree of similarity, while objects belonging to different clusters 

have a high degree of dissimilarity [5]. Clustering problem appears in many 

different domains such as pattern recognition, information retrieval, computer 

vision, bioinformatics, medicine, etc. At present, there exist a large number of 

clustering algorithms in the literature [1].  

 Most of the earlier works on clustering have been focused on numerical 

data whose inherent geometric properties can be exploited to naturally define 

distance functions between data points. However, data mining applications 

frequently involve many datasets that consist of categorical attributes (such as 

gender, nationality, color, etc) on which there is no inherent distance measure 
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between categorical objects. Clustering categorical data is more challenging 

than clustering numerical data and clustering algorithms developed for 

numerical data cannot be used to cluster categorical data [1, 24, 25]. 

In recent years, clustering categorical data have attracted much attention 

from the data mining research community.  Several algorithms for clustering 

categorical data have been proposed [1, 6, 7, 8, 26, 27]. These algorithms make 

important contributions to the problem of clustering categorical data, but they 

are not designed to handle uncertainty in the clustering process.     

Rough set theory proposed by Z. Pawlak in the early 1980s [3], and is a 

relatively new soft computing tool for dealing with uncertain data. One of the 

major advantages of rough set theory is that it does not require any additional 

information about the data such as apriori probability distribution in statistics 

and membership function in fuzzy set theory [30]. In recent years, several rough 

set based divisive hierarchical clustering algorithms have been proposed for 

clustering categorical data [28, 25, 29, 30, 31]. The main idea of using rough 

set theory in clustering categorical data is to select a series of clustering 

attributes, where one of them is selected and used to split the objects at each 

time until all objects are clustered. Thus, the primary important task for this 

approach is to select from many candidates in a dataset one attribute that can 

best partition the objects. 

The MMR algorithm was proposed by Parmar et al. In [32]. It is one of 

the most successful and pioneering rough set-based hierarchical clustering 

algorithms for categorical data. MMR algorithm determines the clustering 

attribute using roughness measure, which allows it to have the ability to deal 

with uncertainty. 

Qin et al. [33] proposed an information-theory based divisive 

hierarchical clustering algorithm for categorical data that is implemented by 

selecting a clustering attribute using the mean gain ratio (MGR) and then 

selecting an equivalence class generated by the clustering attribute as one 

cluster using cluster entropy.      

Although, Rough Set Theory based proposed categorical clustering 

algorithms make important contributions to the issue of clustering categorical 

data, they have some limitations such as they often have low accuracy and high 
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computational complexity. Especially, on some datasets they fail or hardly 

select their best clustering attribute [34]. 

In this chapter, we revisit two baseline divisive hierarchical clustering 

algorithms for use with categorical data and propose a new algorithm, called 

Minimum Mean Normalized Variation of Information (MMNVI). Two 

baseline algorithms are Min-Min Roughness (MMR), and Mean Gain Ratio 

(MGR). MMNVI iteratively performs only two steps on the current clustering 

dataset: (1) selecting a clustering attribute, (2) selecting an equivalence class 

generated by the selected clustering attribute as one cluster, and takes the union 

of other equivalence classes as the new clustering dataset. To implement the 

first step, MMNVI uses the concept of normalized variation of information in 

ìnformation theory which is a universal metric in the space of attributes. To 

perform the second step, MMNVI uses the concept of cluster entropy. 

4.2 Minimum Mean Normalized Variation of Information 

(MMNVI)  

4.2.1 Basic Definitions and Idea of MMNVI 

As we have seen in Chapter 2, in a categorical information system 𝑆 =

(𝑈, 𝐴), each attribute in 𝐴 defines a partition on the set 𝑈 of objects. A good 

clustering of the objects should share as much information as possible with the 

partitions defined by each attribute in 𝐴 [10, 35]. Also, the smaller the entropy 

of the data set, the more similar the objects in it are. Keeping this in mind, in 

our iterative clustering algorithm, at each iteration we expect to choose the 

clustering attribute whose partition is closest to those defined by other 

attributes; then in the partition defined by the chosen clustering attribute, select 

the equivalence class with the highest intra-class similarity as a cluster, and take 

the rest of the objects to form a new clustering dataset. The above two steps 

will be repeated on the new clustering dataset until the number of clusters 

obtained equals the pre-defined number 𝑘 of clusters.  

To measure the distance between two attributes, we use the NVI 

(Normalized Variation of Information) metric defined below. 
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Definition 4.1. Given an information system 𝐼𝑆 = (𝑈, 𝐴), 𝑎𝑖 ∈ 𝐴. The 

Mean Normalized Variation of Information of 𝑎𝑖 with respect to each 𝑎𝑗 ∈ 𝐴, 

𝑎𝑗 ≠ 𝑎𝑖, is defined by 

𝑀𝑁𝑉𝐼(𝑎𝑖) =
1

|𝐴| − 1
∑ 𝑁𝑉𝐼(𝑎𝑖, 𝑎𝑗) .

|𝐴|

𝑗=1,𝑗≠𝑖

 (4.1) 

Definition 4.2 Let 𝑆 = (𝑈, 𝐴) be an information system, and 𝐴 =

{𝑎1, 𝑎2, … , 𝑎𝑝}. Assuming the attributes in 𝐴 are independent from each other, 

we define the entropy of dataset 𝑋 ⊆ 𝑈 as following 

𝐸𝑛𝑡𝑟𝑜𝑝𝑦(𝑋) = 𝐻𝑋(𝑎1) + 𝐻𝑋(𝑎2) + ⋯ + 𝐻𝑋(𝑎𝑝) . (4.2) 

where 𝐻𝑋(𝑎𝑖) denotes the entropy of attribute 𝑎𝑖  on 𝑋  and is calculated by 

(2.6) , 𝑖 = 1, … , 𝑝. The smaller the entropy of 𝑋, the more similar the objects in 

𝑋 are. Therefore, the entropy of a cluster has been used by many authors as a 

measure to determine the intra-class similarity of a cluster [33, 36]. 

With the above idea and definitions, our MMNVI iterative algorithm 

works as follows: 

4.2.2 MMNVI Algorithm 

On the first iteration, it takes the set of all objects U as the clustering 

dataset and performs the following three main steps: 

• Removes all the single-valued attributes.   

• Select a clustering attribute as the one that has smallest MNVI value.   

• Outputs as a cluster the equivalence class generated by the 

partitioning attribute which has lowest entropy, and takes as a new 

clustering dataset the union of other equivalence classes. 

  The above clustering process repeats until the number of the leaf nodes 

equals the pre-defined number k of clusters. Fig.1 shows the pseudo-code of 

the MMNVI algorithm. 

Algorithm 4.1 MMNVI algorithm 
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Input:   set of all objets U, set of all atributes A, the ginen number of 

clusters k. 

Output:   Clustering of U  

 Begin 

Step 1:   Set current number of cluster CNC = 1; 

Set  CDataset = 𝑈   //CDataset denotes the actual clustering dataset  

Step 2:   B = A; 

for each 𝑎𝑖 ∈ 𝐵 

 determine partition CDataset 𝐼𝑛𝑑{𝑎𝑖}⁄  ; 

if  |CDataset 𝐼𝑛𝑑{𝑎𝑖}⁄ | = 1  // all objects in CDataset have the same values 

of 𝑎𝑖  

B = B - 𝑎𝑖 //exclude attribute 𝑎𝑖 ; 

endif  

endfor 

Step 3:  for each 𝑎𝑖 ∈ 𝐵  

calculate 𝑀𝑁𝑉𝐼(𝑎𝑖)  using formula (3.2) ; 

endfor 

Step 4:  Determine the clustering attribute 𝑎∗ which satisfies 

𝑎∗ = 𝑎𝑟𝑔𝑚𝑖𝑛𝑎𝑖∈𝐵𝑀𝑁𝑉𝐼(𝑎𝑖) ; 

Step 5:  Determine partition CDataset 𝐼𝑛𝑑{𝑎∗} = {𝑋1, 𝑋2, … , 𝑋ℎ}⁄  ; 

𝑋 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑋𝑖
(𝑒𝑛𝑡(𝑋𝑖))  for 𝑋𝑖 ∈ CDataset 𝐼𝑛𝑑{𝑎∗}⁄  ; 

Step 6:  output 𝑋 as one cluster ; 

CNC = CNC + 1 ; 

if CNC < k  

CDataset = CDataset − 𝑋 ; 

go to Step 2 ; 

else   

output CDataset as the last cluster; 

endif 

End 

 We have two following remarks about MMNVI algorithm: 

(1) In Step 4, if there are many attributes having the same smallest MNVI 

value, we choose the first of them. 

(2) In Steps 5 and 6, after having an attribute for splitting the clustering 

dataset, MMNVI selects the equivalence class with the lowest entropy as one 

cluster and takes the union of other equivalence classes as the new clustering 



22 

 

 

dataset. This is because the entropy of the second dataset is larger as indicated 

by the following proposition. In addition, if there are multiple equivalence 

classes with the same lowest entropy, we select the equivalence class with the 

largest number of objects. 

4.2.3 Experimental Result 

In order to test MMNVI, an implementation system was developed in R 

programming language, and tested on real-life data sets. Besides MMNVI 

algorithm, we also repeat two baseline algorithms, MMR and MGR, to compare 

with MMNVI. 

4.2.3.1 Bộ dữ liệu đánh giá 

To evaluate the clustering performance of MMNVI, we used 8 real-life 

data sets obtained from the UCI Machine Learning Repository, including 

Soybean small, Zoo, Votes, Breast Cancer Wisconsin, Mushroom, Balance 

Scale, Car Evaluation, and Chess. 

4.2.3.2 Performance Evaluation Methods 

To evaluate the performance of clustering algorithms, we use three 

widely used indexes. These indexes are: Overal Purity, Adjusted Rand Index 

(ARI), and Normalized Mutual Information (NMI). 

4.2.3.3 Clustering Results 

We first present the detailed clustering results of MMNVI, then we show 

the Overall Purity, Adjusted Rand Index and Normalized Mutual Information 

values obtained by MMR, MGR and MMNVI algorithms on 8 data sets. 

Out of 8 data sets, MMNVI has the highest OP on the five data sets, 

specifically on the Soybean Small, Breast Cancer Wisconsin, Car evalution, 

Votes and Balance scale. MMR has the highest OP on the Mushroom. MGR 

has the highest OP on the Soybean Small, Chess, and Zoo. On average, 

MMNVI achieves the highest Overall Purity. 

With the ARI values of three algorithms, we see that MMNVI also has 

the highest ARI value on the four data sets, Breast Cancer Wisconsin, Votes, 

Chess and Balance scale. MMR has the lowest ARI value across all 8 data sets. 

MGR has the highest ARI value on Car evalution, Mushroom, and Zoo. The 
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average ARI of each algorithm on 8 data sets. On average, MMNVI algorithm 

also achieves the highest ARI value.  

Finally, the NMI values of three algorithms indicate the highest NMI 

value on the three data sets, Breast Cancer Wisconsin, Votes, and Balance scale. 

MMR has the highest NMI on the Soybean Small, Car evalution, and 

Mushroom. MGR has the highest NMI on Chess, and Zoo. The average NMI 

of each algorithm on 8 data sets.   

An important observation is that MMNVI do much better than other 

algorithms on the Breast Cancer, Votes, and Balance scale. Breast Cancer and 

Votes are data sets which have balanced class distribution. MGR do much better 

than other algorithms on the Zoo 

In summary, MMNVI is a stable clustering algorithm and produces 

better or equivalent clustering results than the MMR and MGR algorithms. 

4.3 Conclusion 

In this paper, we have proposed a new divisive hierarchical clustering 

algorithm, called MMNVI (Minimum Mean Normalized Variation of 

Information), for categorical data. MMNVI algorithm uses the Mean 

Normalized Variation of Information of one attribute respect to another 

attributes for finding best clustering attribute, and the entropy of equivalence 

classes generated by selected clustering attribute for binary splitting the 

clustering dataset. MMNVI is easy to install. Experimental results on real-life 

data sets from UCI indicate that MMNVI algorithm can be used successfully in 

clustering categorical data. 

CHAPTER 5. CONCLUSION AND FUTURE WORK 

Knowledge Discovery in Databases (KDD) is a scientific field that 

researches and creates tools for discovering useful, hidden, and predictive 

knowledge within large databases. However, given the current rate of data 

growth, the research and application of data mining techniques are 

encountering numerous difficulties and challenges. 
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5.1 The results achieved and main contributions of this thesis 

(1) By researching the algorithms proposed by researchers and finding 

shortcomings, the thesis has proposed a new algorithm for selecting attributes 

in a decision table based on clustering. ACBRC obtained the best proportion of 

selected attributes, and the best classification accuracy for C5.0, and Naive 

Bayes. The classification accuracy after attribute reduction by ACBRC even 

outperforms the classification accuracy using whole dataset in some cases. 

These experimental results show that ACBRC is promising algorithm for 

attribute reduction. 

(2) By researching the algorithms proposed by researchers and finding 

shortcomings, the thesis has proposed a new algorithm, called Minimum Mean 

Normalized Variation of Information (MMNVI). Experimental results on real 

datasets from UCI indicate that MMNVI algorithm can be used successfully in 

clustering categorical data. It produces better or equivalent clustering results 

than the baseline algorithms. 

The main contributions mentioned above were published in two articles 

in the Journal of Computer Science and Cybernetics in 2022 [CT2] and 2023 

[CT3]. In addition, I’m also the author of an international article and co-author 

of three reports at prestigious domestic scientific conferences related to the 

thesis topic. 

5.2 Future works 

For the feature selection using rough set theory  

(1) Research new attribute reduction algorithms in decision tables with 

missing values; (2) Applying the ACBRC algorithm to text classification 

For clustering categorical data 

(1) Enable the MMNVI algorithm to automatically discover the number 

of clusters. Instead of specifying the number of clusters, we can let the MMNVI 

algorithm stop splitting the clustering data set when the entropies of all the leaf 

nodes are lower than a predefined threshold value; (2) Extend MMNVI to 

handle both numerical and categorical data; (3) Perform more experiments on 

larger data sets with more objects and more attributes.
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